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Abstract—This paper presents an analytical approach to the 

nonlinear dynamics of magnetic gears.  Without compromising the 

system’s nonlinearity, a magnetic gear’s motion can be separated 

into rigid body motion and motion about a fixed center.  Then, 

neglecting losses, the behavior of the torque angle can be evaluated 

using the conservation of energy principle.  This approach shows 

excellent agreement with a Simulink model and a transient finite 

element analysis (FEA) model of a magnetic gear with sinusoidal 

torque angle curves.  However, there are some discrepancies in the 

predicted velocities and oscillation frequencies compared to 

results produced by FEA models of designs with significant torque 

ripples, but the proposed approach still agrees with each of the 

FEA models about whether the gear will slip for over 98.5% of the 

cases.  Also, cases with viscous friction are considered, but this has 

a limited effect on the system’s dynamic behavior immediately 

after a change in the applied torques.  With viscous friction, the 

proposed approach still agrees with each of the FEA models about 

whether the gear will slip for at least 93.5% of the cases.  This 

analysis also demonstrates the significant impact of the effective 

inertia ratio on the system’s dynamic performance.  
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I. INTRODUCTION 

Like mechanical gears, magnetic gears convert mechanical 
power between high-speed, low-torque rotation and low-speed, 
high-torque rotation.  However, instead of transferring power 
through mechanically interlocking teeth, magnetic gears employ 
interacting magnetic fields.  This noncontact operation affords 
magnetic gears many potential advantages, such as inherent 
overload protection, improved reliability, reduced maintenance, 
and physical isolation between shafts.  Thus, magnetic gears 
have attracted significant research interest [1]-[15] and have 
been proposed for a wide range of applications, including wind 
turbines [4], wave energy generation [5]-[6], ship propulsion [7], 
electric vehicles [8], and aerospace applications [9]. 

The noncontact nature of magnetic gearing also introduces 
some challenges.  First, if torque is applied too suddenly or if 
too much is applied, the magnetic gear can slip, decoupling the 
rotation of the two shafts.  While slipping is often better than the 
permanent damage that can occur if too much torque is applied 
to a mechanical gear, it is still desirable to avoid slipping when 
possible.  Second, the magnetic coupling between the two rotors 
is not as stiff as the coupling in a mechanical gear.  This can 
result in a quite underdamped system, especially if the magnetic 
gear is very efficient [10]-[12].  Third, the torque on both rotors 

is a nonlinear function of their positions [10]-[13].  Many papers 
on the dynamics or control of magnetic gears linearize the 
system around an operating point [10], [12].  However, this is 
inaccurate when there is a significant change in torques [13].  
Other papers employ numerical time-stepping models to 
accurately model the nonlinearity [11], but this provides less 
intuition and insight into the dynamic behavior of magnetic 
gears.  This paper provides a nonlinear analytical model for the 
dynamic behavior of magnetically geared systems and presents 
relevant insights into parameters affecting this behavior. 

II. MAGNETIC GEAR DYNAMIC MODEL 

As in [10], [12]-[13], a magnetic gear can be dynamically 
modeled as two inertias separated by two ideal gearboxes and a 
nonlinear torsional spring, as shown in Fig. 1 and described by 

 𝐽ℎ
𝑑𝜔ℎ

𝑑𝑡
= 𝑇𝑀 − 𝐵ℎ𝜔ℎ − 𝑝ℎ𝑇𝐶 sin(𝑝ℎ𝜃ℎ − 𝑝𝑙𝜃𝑙) () 

 𝐽𝑙
𝑑𝜔𝑙

𝑑𝑡
= 𝑇𝐿 − 𝐵𝑙𝜔𝑙 + 𝑝𝑙𝑇𝐶 sin(𝑝ℎ𝜃ℎ − 𝑝𝑙𝜃𝑙) () 

where Jh, ωh, Bh, ph, and θh are the moment of inertia, angular 
velocity, viscous friction coefficient, pole pair count, and 
angular position of the high speed side, Jl, ωl, Bl, pl, and θl are 
the same quantities for the low speed side, TM is the torque 
provided by the machine connected to the high speed rotor 
(HSR), TL is the torque of the load connected to the low speed 
rotor (LSR), and TC is the gear’s characteristic torque, which is 
defined as the slip torque on either rotor divided by the number 
of pole pairs on that rotor.  The torque angle, θT, is defined as  

 𝜃𝑇 = 𝑝ℎ𝜃ℎ − 𝑝𝑙𝜃𝑙 () 

These equations can describe several different types of magnetic 
gears, including coaxial, spur, and cycloidal topologies, with the 
appropriate choices of ph and pl, which should result in a gear 

ratio, 𝐺 =
𝑝𝑙

𝑝ℎ
.  One of the pole pair counts may be the number of 

modulators for a coaxial gear [3], [4] or simply 1 in the case of 
a cycloidal gear [2].  Additionally, in cases where the rotors 
rotate in opposite directions, ph or pl should be negative [1]-[3]. 

 

Fig. 1. Magnetic gear dynamic model. 



As in [14], the system can be transformed by referring the 
HSR and LSR quantities through the ideal gearboxes.  This 
produces the model illustrated in Fig. 2 and described by 

 𝐽ℎ
′ 𝑑𝜔ℎ

′

𝑑𝑡
= 𝑇𝑀

′ − 𝐵ℎ
′ 𝜔ℎ

′ − 𝑇𝐶 sin(𝜃ℎ
′ − 𝜃𝑙

′) () 

 𝐽𝑙
′ 𝑑𝜔𝑙

′

𝑑𝑡
= 𝑇𝐿

′ − 𝐵𝑙
′𝜔𝑙

′ + 𝑇𝐶 sin(𝜃ℎ
′ − 𝜃𝑙

′) () 

where 𝐽ℎ
′ =

𝐽ℎ

𝑝ℎ
2 , 𝑇𝑀

′ =
𝑇𝑀

𝑝ℎ
, 𝐵ℎ

′ =
𝐵ℎ

𝑝ℎ
2 , 𝜔ℎ

′ = 𝜔ℎ𝑝ℎ , 𝜃ℎ
′ = 𝜃ℎ𝑝ℎ , 

𝐽𝑙
′ =

𝐽𝑙

𝑝𝑙
2 , 𝑇𝐿

′ =
𝑇𝐿

𝑝𝑙
, 𝐵𝑙

′ =
𝐵𝑙

𝑝𝑙
2 , 𝜔𝑙

′ = 𝜔𝑙𝑝𝑙 , and 𝜃𝑙
′ = 𝜃𝑙𝑝𝑙 .  This 

model is effectively analogous to a magnetic coupling or a 
magnetic gear with a 1:1 gear ratio. 

 

Fig. 2. Magnetic gear dynamic model transformed to 1:1 gear ratio. 

A. Superposition of Rigid Body and Fixed Center Motions 

It is assumed that the viscous friction on each rotor is 

proportional to its inertia, 
𝐵ℎ

′

𝐽ℎ
′ =

𝐵𝑙
′

𝐽𝑙
′ , (or that the design is 

relatively efficient and the friction on each rotor can be 
neglected).  Then, using superposition, the motion of the gear 
can be decomposed into the sum of the motions of the two 
systems shown in Fig. 3, with the torques given by 

 𝑇ℎ
𝑅𝐵 =

(𝑇𝑀
′ +𝑇𝐿

′)𝐽ℎ
′

𝐽ℎ
′ +𝐽𝑙

′  () 

 𝑇𝑙
𝑅𝐵 =

(𝑇𝑀
′ +𝑇𝐿

′)𝐽𝑙
′

𝐽ℎ
′ +𝐽𝑙

′  () 

 𝑇𝐹𝐶 =
𝑇𝑀

′ 𝐽𝑙
′−𝑇𝐿

′𝐽ℎ
′

𝐽ℎ
′ +𝐽𝑙

′ . () 

This superposition satisfies the following conditions:             

𝑇𝑀
′ =  𝑇ℎ

𝑅𝐵 + 𝑇𝐹𝐶 , 𝑇𝐿
′ =  𝑇𝑙

𝑅𝐵 − 𝑇𝐹𝐶 , 𝜔ℎ
′ =  𝜔𝑅𝐵 + 𝜔ℎ

𝐹𝐶 ,   

𝜔𝑙
′ =  𝜔𝑅𝐵 − 𝜔𝑙

𝐹𝐶 , 𝜃ℎ
′ =  𝜃ℎ

𝑅𝐵 + 𝜃ℎ
𝐹𝐶 , and 𝜃𝑙

′ =  𝜃𝑙
𝑅𝐵 − 𝜃𝑙

𝐹𝐶.   

 
(a) 

 
(b) 

Fig. 3. The motion of the magnetic gear can be expressed as the superposition 

of (a) rigid body motion and (b) changes in the torque angle.  Note that the 

positive direction of rotation on the LSR is different between (a) and (b). 

 Since both rotors in Fig. 3(a) have the same acceleration, 

𝛼𝑅𝐵 =
𝑇ℎ

𝑅𝐵−𝐵ℎ
′ 𝜔𝑅𝐵

𝐽ℎ
′ =

𝑇𝑙
𝑅𝐵−𝐵𝑙

′𝜔𝑅𝐵

𝐽𝑙
′ , and the initial conditions 

presume that both rotors in Fig. 3(a) have the same initial speeds 
and angles, both inertias in Fig. 3(a) always have the same 

speeds and angles as each other.  Thus, the rigid body torque 

angle, 𝜃ℎ
𝑅𝐵 − 𝜃𝑙

𝑅𝐵 , is always zero, and the nonlinear spring 
torque in Fig. 3(a) is always zero.  Since this rigid body motion 
does not affect the system’s torque angle, superposition can 
isolate the rigid body motion of Fig. 3(a) from the torque angle 
changes in Fig. 3(b) without violating the system’s nonlinearity. 

 Since equal and opposite torques are applied to the two 
shafts in Fig. 3(b), the net torque is always zero.  Thus, the 
system can be represented as the motion of each rotor relative to 
a fixed point, as shown in Fig. 4(a).  This is analogous to the 
fixed center of mass in a system with zero net force.  As the same 

torque is applied to 𝐽ℎ
′  and 𝐽𝑙

′, their accelerations, 𝛼ℎ
𝐹𝐶 and 𝛼𝑙

𝐹𝐶, 
are inversely proportional to their respective inertias, such that 
𝛼ℎ

𝐹𝐶

𝛼𝑙
𝐹𝐶 =

𝐽𝑙
′

𝐽ℎ
′ .  Thus, with the condition that 

𝜔ℎ
𝐹𝐶

𝜔𝑙
𝐹𝐶 =

𝜃ℎ
𝐹𝐶

𝜃𝑙
𝐹𝐶 =

𝐽𝑙
′

𝐽ℎ
′  at the 

initial time, these initial equalities hold true at all times, so each 
side of Fig. 4(a) can be transformed to the torque angle reference 

frame in Fig. 4(b) with 𝜃𝑇 = 𝜃ℎ
𝐹𝐶 ∙ (1 +

𝐽ℎ
′

𝐽𝑙
′) = 𝜃𝑙

𝐹𝐶 ∙ (1 +
𝐽𝑙

′

𝐽ℎ
′ ),           

𝜔𝑇 = 𝜔ℎ
𝐹𝐶 ∙ (1 +

𝐽ℎ
′

𝐽𝑙
′) = 𝜔𝑙

𝐹𝐶 ∙ (1 +
𝐽𝑙

′

𝐽ℎ
′ ) , 𝐽𝑇 =

𝐽ℎ
′ 𝐽𝑙

′

𝐽ℎ
′ +𝐽𝑙

′ , and       

𝐵𝑇 =
𝐵ℎ

′ 𝐵𝑙
′

𝐵ℎ
′ +𝐵𝑙

′.  Thus, the behavior of the torque angle, which is 

critical to the analysis of both slipping and the gear’s 
oscillations, can be evaluated in terms of the dynamics of a 
single inertia connected to a fixed point by a nonlinear spring. 

 
(a) 

 
(b) 

Fig. 4. Both the HSR and the LSR (a) represented as moving relative to a fixed 

center of inertia and (b) transformed to the torque angle reference frame. 

B. Conservation of Energy 

This system could be evaluated by linearizing the spring 
about an operating point and solving in the frequency domain, 
but, if the losses are assumed to be negligible, the conservation 
of energy principle yields an approach that preserves the 
nonlinearity.  For the torque angle reference frame of Fig. 4(b), 
energy enters or leaves the system as TFC is applied and the 
inertia rotates.  Energy is also converted between the rotational 
kinetic energy of the inertia and the potential energy of the 
spring.  If TFC is known as a function of the torque angle, the 
kinetic energy can be determined as a function of the torque 
angle.  Fig. 5 illustrates this for the case where the gear is 

initially in steady-state at a torque angle of 𝜃𝑇
𝑖 , and TFC suddenly 

increases.  In Fig. 5, the rotational kinetic energy at a torque 
angle of θ can be found by subtracting the area under the 
nonlinear torque curve (the spring’s potential energy) from the 
area under the step torque curve (the input energy).  This can be 
used to calculate the angular velocity of the rotating inertia in 
Fig. 4(b) at any torque angle.  The system will oscillate as energy 
from the external torque enters or leaves the system and is 
transformed between potential energy and kinetic energy.  Any 



losses in the system will dissipate the energy, and, if it does not 
slip, it will eventually reach steady-state at the torque angle 
where the nonlinear spring’s torque equals TFC. 

 

Fig. 5. The energy input into the Fig. 4(b) system is the area under the step 

torque curve, and the energy stored in the nonlinear spring is the area under the 

nonlinear torque curve.  The kinetic energy of the inertia is the difference 

between these two energies (assuming negligible losses). 

III. DESIGN IMPLICATIONS 

A. Effective Inertia Ratio 

Fig. 3(b) and (8) illustrate that the ratio between 𝐽ℎ
′  and 𝐽𝑙

′ 
directly determines the extent to which the torques on the two 
sides impact the torque angle.  To quantify these trends, the 
effective inertia ratio, RJ, is defined as 

 RJ  =
𝐽𝑙

𝐽ℎ𝐺2 =
𝐽𝑙

′

𝐽ℎ
′ . () 

If the machine and the physical load are stiffly connected to the 
HSR and LSR, respectively, then, Jh and Jl should include their 
respective inertias, in addition to the inertias of the gear’s rotors.  
Fig. 6 shows what portions of the per unit external torques 
contribute to the changes in the torque angle for a given effective 
inertia ratio.  Thus, RJ significantly affects the system’s dynamic 
performance.  A large RJ means that disturbances in the load 
torque will have less effect on the torque angle, which is 
advantageous if the load torque may change suddenly, but 
disturbances in the machine torque will cause larger torque angle 
oscillations.  Additionally, with a large RJ, a transient load 
torque much larger than the LSR slip torque may not necessarily 
cause the gear to slip, if it is not opposed by a corresponding 
torque from the machine.  Alternatively, a small RJ will make 
the gear’s oscillatory and slipping behavior more susceptible to 
the load torque and less susceptible to the machine torque, which 
could be advantageous if the machine has a high torque ripple 
and the load changes relatively slowly.  Furthermore, RJ 

determines how much of the oscillations appear in 𝜃ℎ
𝐹𝐶  and 𝜃𝑙

𝐹𝐶 .  
Increasing RJ will increase the extent of oscillations on the HSR 
while reducing the extent of oscillations on the LSR.  Thus, 
when selecting the gear ratio, the designer must consider both 
the gear ratio’s impact on the overall size of the system [6], [15] 
and its impact on the system’s dynamic behavior. 

 

Fig. 6. The impact of RJ on how much the per unit (relative to the slip torques 

of their respective rotors) machine torque and load torque contribute to TFC. 

B. Responses to Step Changes in Torque 

The conservation of energy approach has two significant 
limitations.  First, the torques must be known as a function of 
position, rather than time, and, second, it assumes that the losses 
are negligible.  However, this approach can still address one 
significant issue: whether a given step change in torque on either 
side of the gear will cause it to slip.  With a step change in torque, 
the torque is known with respect to position.  Also, magnetic 
gears are often quite underdamped, so very little energy is lost 
by the time the gear reaches the maximum extent of its torque 
angle oscillation for the first time after the step change [10], [11].  
The maximum torque angle reached, 𝜃𝑇

𝑚, is the angle at which 
the kinetic energy of the rotating inertia reaches 0, which is 
where the energy input into the Fig. 4(b) system equals the 
change in the energy stored in the nonlinear spring, as given by 

 ∫ 𝑇𝐹𝐶𝑑𝜃𝑇
𝜃𝑇

𝑚

𝜃𝑇
𝑖 = ∫ 𝑇𝐶 sin(𝜃𝑇) 𝑑𝜃𝑇

𝜃𝑇
𝑚

𝜃𝑇
𝑖 , () 

where the torque angle was initially in steady-state at 𝜃𝑇
𝑖 .  In the 

case of a step change in torque, (10) becomes 

 𝑇𝐹𝐶 ∙ (𝜃𝑇
𝑚 − 𝜃𝑇

𝑖 ) = 𝑇𝐶 ∙ (cos(𝜃𝑇
𝑖 ) − cos(𝜃𝑇

𝑚)), () 

where TFC is the torque in Fig. 4(b) after the step change.  This 
is equivalent to finding the angle where the areas under the step 
torque and the nonlinear torque curves in Fig. 5 are equal.  The 

trivial solution, 𝜃𝑇
𝑚 = 𝜃𝑇

𝑖 , is the minimum boundary of the 
oscillation, which is the initial torque angle.  The nontrivial 
solution of (11) gives the maximum boundary of the oscillation.  
If no nontrivial solution exists, the gear will slip.  To check this, 
the kinetic energy can be evaluated at the torque angle between 
π/2 and π where TFC is equal to the nonlinear spring torque, 

𝜃𝑇
𝑠𝑙𝑖𝑝

= 𝜋 − sin−1 (
𝑇𝐹𝐶

𝑇𝐶
).  For the gear not to slip, TFC must be 

less than TC, and the following condition must also be true: 

 (𝜃𝑇
𝑠𝑙𝑖𝑝

− 𝜃𝑇
𝑖 ) <

𝑇𝐶

𝑇𝐹𝐶 ∙ (cos(𝜃𝑇
𝑖 ) − cos(𝜃𝑇

𝑠𝑙𝑖𝑝
)) () 

The angular velocity of the inertia in the torque angle 
reference frame can be determined as a function of the torque 
angle from the inertia’s kinetic energy: 

 𝜔𝑇(𝜃𝑇) = ±√
2

𝐽𝑇
∫ (𝑇𝐹𝐶 − 𝑇𝐶 sin(𝜃))𝑑𝜃

𝜃𝑇

𝜃𝑇
𝑖 , () 

assuming that losses are negligible.  The angular velocity in the 
torque angle reference frame can be transformed back to the Fig. 
1 model to determine the angular velocities of the oscillations 
on each rotor.  If the step change in torque does not cause the 
gear to slip, the maximum angular velocity in the torque angle 
reference frame, 𝜔𝑇

𝑚𝑎𝑥 , occurs at the torque angle between 0 and 
π/2 where the torque from the nonlinear spring is equal to TFC, 

𝜃𝑇
𝑒𝑞

= sin−1 (
𝑇𝐹𝐶

𝑇𝐶
), and can be calculated as 

 𝜔𝑇
𝑚𝑎𝑥 = √

2∙(𝑇𝐹𝐶∙(𝜃𝑇
𝑒𝑞

−𝜃𝑇
𝑖 )−𝑇𝐶∙(cos(𝜃𝑇

𝑖 )−cos(𝜃𝑇
𝑒𝑞

)))

𝐽𝑇
. () 



With the velocity known as a function of the torque angle, the 
frequency of oscillation can be calculated as 

 𝑓𝑜 = (2 ∫
1

𝜔𝑇(𝜃𝑇)
𝑑𝜃𝑇

𝜃𝑇
𝑚

𝜃𝑇
𝑖 )

−1

 , () 

using the positive sign in (13).  Similar equations can be derived 
for cases where changing TFC decreases the torque angle. 

IV. MODEL VALIDATION 

Tables I – IV compare several different analysis methods to 
determine the accuracy of the proposed model.  The proposed 
nonlinear model is used to evaluate a scenario where the external 

torque applied to the HSR is suddenly changed to various per 
unit values starting from different initial steady-state torque 
angles.  The external torque on the LSR is kept at its initial value.  
The magnitude of the torque angle oscillation, the maximum 
angular velocity of the inertia in the torque angle reference 
frame, and the oscillation frequency are calculated using (11), 
(14), and (15), respectively.  Two values of RJ are considered.  
In each case, JT is set to 1 pu where, in the torque angle reference 
frame, the base torque, time, and angle are TC, 1 s, and 1 rad, 
respectively.  The base torque for each rotor is the slip torque of 
that rotor.  The results are compared against those produced by 
a Simulink model with the same parameters, which is shown in 
Fig. 7.  The proposed model and the Simulink model assume that 

TABLE I.  ANALYSIS METHODS COMPARISON WITH RJ = 0.25 AND BT = 0 PU 

Model 
Slip Prediction 

Agreement 
Torque Angle Oscillation (deg) Maximum Angular Velocity (pu) Oscillation Frequency (pu) 

Proposed N/A 

   

Simulink 100.0% 

   

Average Discrepancy = 0.0 deg Average Discrepancy = 0.000 pu Average Discrepancy = 0.000 pu 

FEA 1 99.7% 

   

Average Discrepancy = 0.5 deg Average Discrepancy = 0.004 pu Average Discrepancy = 0.000 pu 

FEA 2 98.8% 

   

Average Discrepancy = 4.0 deg Average Discrepancy = 0.024 pu Average Discrepancy = 0.008 pu 

FEA 3 98.7% 

   

Average Discrepancy = 4.4 deg Average Discrepancy = 0.032 pu Average Discrepancy = 0.010 pu 

Linearized 85.3% 

   
Average Discrepancy = 12.4 deg Average Discrepancy = 0.032 pu Average Discrepancy = 0.015 pu 



TABLE II.  ANALYSIS METHODS COMPARISON WITH RJ = 4 AND BT = 0 PU 

Model 
Slip Prediction 

Agreement 
Torque Angle Oscillation (deg) Maximum Angular Velocity (pu) Oscillation Frequency (pu) 

Proposed N/A 

   

Simulink 100.0% 

   
Average Discrepancy = 0.0 deg Average Discrepancy = 0.000 pu Average Discrepancy = 0.000 pu 

FEA 1 100.0% 

   
Average Discrepancy = 0.4 deg Average Discrepancy = 0.006 pu Average Discrepancy = 0.001 pu 

FEA 2 98.8% 

   
Average Discrepancy = 3.7 deg Average Discrepancy = 0.036 pu Average Discrepancy = 0.004 pu 

FEA 3 98.6% 

   
Average Discrepancy = 5.1 deg Average Discrepancy = 0.054 pu Average Discrepancy = 0.037 pu 

Linearized 86.6% 

   
Average Discrepancy = 12.4 deg Average Discrepancy = 0.032 pu Average Discrepancy = 0.015 pu 

 

the torque is a sinusoidal function of the torque angle, but, in an 
actual magnetic gear, harmonics produce torque ripples on the 
rotors.  Thus, transient finite element analysis (FEA) is used to 
evaluate three coaxial gear designs, FEA 1, FEA 2, and FEA 3, 
with gear ratios of -2.053:1, -12.33:1, and -12:1, respectively, 
which are depicted in Fig. 8.  Fig. 9 shows the torque angle 
curves of these designs.  FEA 1’s torque angle curves are very 
sinusoidal due to the high least common multiple of the pole 
counts [4].  However, due to its integer gear ratio, FEA 3’s HSR 
torque angle curve is more distorted.  FEA 2’s torque angle 
curve is more distorted than that of FEA 1 but less distorted than 
that of FEA 3.  For the FEA, eddy effects in the NdFeB N42 
magnets and core losses in the M47 modulators and back irons 

also affect the torques on the two rotors.  In each case, both 
rotors are assumed to be initially stationary.  A model linearized 
about the initial torque angle is also used to evaluate the designs. 

 

Fig. 7. The Simulink model used in this study. 



 
(a) 

 
(b) 

 
(c) 

Fig. 8. (a) FEA 1, (b) FEA 2, and (c) FEA 3 coaxial magnetic gear designs. 

 
            (a) 

 
            (b) 

 
            (c) 

 
 

 
 

 

Fig. 9. Torque angle curves of (a) FEA 1, (b) FEA 2, and (c) FEA 3. 

Table I compares the results for each of the different analysis 
methods with RJ = 0.25, and Table II compares the results with 
RJ = 4.  In Tables I and II, the red areas indicate cases that cause 
the gear to slip.  Tables I and II also show the percentages of the 
cases in which the proposed model agrees with each of the other 
models about whether the gear will slip.  For the cases that both 
models agree will not slip, Tables I and II provide the average 
value of the absolute difference between the quantities predicted 
by the two models.  For the linearized model, the gear is assumed 
to slip if it reaches the same torque angle as would cause slipping 
in the nonlinear model (𝜋 − sin−1(𝑇𝐹𝐶/𝑇𝐶)).  The proposed 
model agrees very well with the Simulink model and with the 
FEA 1 model.  However, for the FEA 2 and FEA 3 models, the 
torque ripple in the torque angle curves produces some 
discrepancies in the oscillation frequency and maximum angular 
velocity in the torque angle reference frame, especially when the 
applied torque does not change very much and the behavior of 
the system is dominated by the torque ripple, rather than the 
change in applied torque.  The linearized model correlates well 
with the Simulink model and FEA 1 when the change in applied 
 

TABLE III.  ANALYSIS METHODS COMPARISON WITH RJ = 0.25 AND BT = 0.1 PU 

Model 
Slip Prediction 

Agreement 
Torque Angle Oscillation (deg) Maximum Angular Velocity (pu) Oscillation Frequency (pu) 

Proposed N/A 

   

Simulink 95.9% 

   

Average Discrepancy = 6.3 deg Average Discrepancy = 0.039 pu Average Discrepancy = 0.003 pu 

FEA 1 95.6% 

   

Average Discrepancy = 6.3 deg Average Discrepancy = 0.039 pu Average Discrepancy = 0.003 pu 

FEA 2 96.5% 

   

Average Discrepancy = 6.1 deg Average Discrepancy = 0.052 pu Average Discrepancy = 0.007 pu 

FEA 3 96.5% 

   

Average Discrepancy = 6.4 deg Average Discrepancy = 0.055 pu Average Discrepancy = 0.010 pu 



TABLE IV.  ANALYSIS METHODS COMPARISON WITH RJ = 4 AND BT = 0.1 PU 

Model 
Slip Prediction 

Agreement 
Torque Angle Oscillation (deg) Maximum Angular Velocity (pu) Oscillation Frequency (pu) 

Proposed N/A 

   

Simulink 93.6% 

   
Average Discrepancy = 6.2 deg Average Discrepancy = 0.039 pu Average Discrepancy = 0.003 pu 

FEA 1 93.5% 

   
Average Discrepancy = 6.0 deg Average Discrepancy = 0.036 pu Average Discrepancy = 0.003 pu 

FEA 2 94.5% 

   
Average Discrepancy = 6.0 deg Average Discrepancy = 0.053 pu Average Discrepancy = 0.005 pu 

FEA 3 93.7% 

   
Average Discrepancy = 6.9 deg Average Discrepancy = 0.063 pu Average Discrepancy = 0.037 pu 

 

torque is small.  However, the linearized model becomes quite 
inaccurate for larges changes in applied torque and incorrectly 
predicts whether the gear will slip for over 10% of the cases. 

Tables I and II illustrate that with small RJ values, much 
larger torques can be applied to the HSR without slipping the 
gear.  If the gear is driven by a motor on the HSR, this would 
allow the motor to rapidly accelerate the gear by applying 
torques larger than the HSR slip torque while the gear is 
accelerating.  Tables I and II also illustrate that the oscillation 
frequency depends on both the starting torque angle and the 
change in applied torque.  Because the nonlinear spring is stiffest 
at a torque angle of 0, the oscillation frequency is highest when 
the torque angle oscillates near 0, but the oscillation frequency 
becomes lower when the gear is close to slipping.  However, for 
designs with large torque ripples, such as FEA 2 and FEA 3, the 
torque ripple significantly affects the oscillation frequency if the 
change in applied torque is small. 

In Tables I and II, the FEA models incorporate the effects of 
eddy currents and core losses, but viscous friction is neglected 
in all cases.  To illustrate the impact of BT on the proposed 

model’s accuracy, Tables III and IV compare the proposed 
model, which assumes the losses are negligible, against the 
Simulink and FEA models with BT = 0.1 pu.  Eddy current losses 
and core losses are again included in the FEA models.   

Tables III and IV show that the viscous friction does prevent 
a few cases from slipping.  Thus, the proposed model predicts 
that some cases would slip where the other models predict that 
those cases would not slip.  Nonetheless, the proposed model 
still agrees with the each of the other models for at least 93.5% 
of the cases.  Thus, even with BT as high as 0.1 pu, the viscous 
friction has a limited impact on the transient performance of the 
system immediately after the change in applied torque.  Even 
though the proposed model neglects the viscous friction, it can 
still predict the dynamic response of the system for the first 
torque angle oscillation after a step change in applied torque 
with reasonable accuracy.  After this first oscillation, the viscous 
friction will gradually damp out the energy in the later 
oscillations.  Therefore, if this first oscillation does not cause the 
gear to slip, the later oscillations will not cause it to slip, unless 
there is another change in the applied torque. 



V. CONCLUSION 

This paper presents a nonlinear approach for evaluating the 
dynamics of magnetic gears.  First, superposition is applied to 
separate the rigid body motion of the two rotors from the motion 
about a fixed center.  Second, this motion about a fixed center is 
transformed into the torque angle reference frame, which 
contains a single inertia and a single nonlinear torsional spring.  
Third, the extent of the torque angle oscillations, the maximum 
angular velocity, and the oscillation frequency are evaluated in 
the torque angle reference frame using the conservation of 
energy principle for the system (assuming losses are negligible).  
This approach is verified through comparison with Simulink and 
FEA results.  The proposed model agrees extremely well with 
the Simulink model and a FEA model with very little torque 
ripple.  However, for the FEA models with larger torque ripples, 
there are discrepancies between the velocities and oscillation 
frequencies predicted by the proposed approach and those 
predicted by the FEA when the system experiences only a small 
change in torque.  These discrepancies result from the deviation 
from the assumed perfectly sinusoidal torque angle curves, so 
the only way to eliminate these discrepancies is to include the 
torque ripple in the model.  Nonetheless, the proposed model 
agrees with each FEA model about whether the gear will slip for 
over 98.5% of the cases, and the proposed model is able to 
analyze cases significantly faster than FEA.  On the other hand, 
a linearized model is shown to be inaccurate when there is a 
significant change in the torque applied to the gear.  Thus, the 
linearized model incorrectly predicts whether the gear will slip 
for over 10% of the cases.  A case with viscous friction is also 
evaluated using Simulink and FEA, but the viscous friction in 
this case makes a limited impact on the dynamic behavior of the 
system immediately following a change in the applied torque.  
Even though the proposed model does not consider losses, it still 
agrees with each FEA model for at least 93.5% of the cases when 
the FEA model considers viscous friction. 

This analysis also reveals that the effective inertia ratio, 
which depends on the gear ratio and the inertias of the two 
rotors, has a significant impact on the dynamic performance of 
the system.  It determines the extent to which torques applied to 
each rotor affect the torque angle of the gear and the extent to 
which oscillations of the torque angle cause oscillations on each 
rotor.  A small effective inertia ratio means that the torques 
applied to the LSR will affect the torque angle much more than 
torques applied to the HSR and that torque angle oscillations will 
cause more oscillations on the LSR than on the HSR, whereas a 
large effective inertia ratio will have the opposite effects. 
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