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a b s t r a c t

We use a unique transmission electron microscope (TEM) technique to show that Si

nanowires (NWs) with diameters in the range of a few hundred nanometers can be fully

lithiated and delithiated without fracture, in spite of the large volume changes that

occur in this process. By analyzing the stresses associated with lithiation and delithia-

tion we conclude that the process does not occur by the growth of discrete crystalline

phases; rather it occurs by amorphization of the Si NWs followed by diffusion of Li into

the structure. By accounting for the large deformation associated with this process and

by including the effects of pressure gradients on the diffusion of Li, we show that Si

NWs with diameters less than about 300 nm could not fracture even if pre-existing

cracks were present in the NW. These predictions appear to be in good agreement with

the experiment.

Published by Elsevier Ltd.
1. Introduction

Silicon is one of the most promising anode materials for lithium ion batteries because it has a very high theoretical
charging capacity (�4200 mAh/g). Among various electrode structures tested (Obrovac and Krause, 2007; Kim et al., 2008;
Magasinski et al., 2010; Song et al., 2010), silicon nanowires are attractive candidates for electrodes because they provide
less constraint on the volume changes that occur during lithium insertion (Chan et al., 2007). A major obstacle to using
silicon as an electrode is that it experiences a huge volume expansion – by about 400% – during lithiation/delithiation,
which can result in fracture of the nanowires.

A number of models have been developed to deal with this problem. Huggins and Nix (2000) made an initial effort to
describe fracture associated with decrepitation during battery cycles using the Griffith criterion in a simple one-
dimensional model. Recently, Hu et al. (2010) have used the strain energy release rate as a fracture criteria in two-
phase LiFePO4/FePO4 particles. These models both envisioned lithiation/delithiation as occurring by the growth of discrete
Li-rich phases.

To take diffusion of lithium into account, a number of papers have focused on the stresses induced by volumetric strain
gradients associated with diffusion. Using the analogy between diffusion and heat flow, diffusion-induced stresses can be
modeled as thermal stresses (Prussin, 1961). In models of this type, stresses are generated by the constraints on free
expansion, since no stresses develop during free thermal or diffusive expansion. Christensen and Newman (2006a,b)
developed a rigorous mathematical model for diffusion-induced stresses and used a critical tensile stress as a fracture
criterion. Zhang et al. (2007, 2008) performed detailed numerical simulations of stress evolution in ellipsoidal LiMn2O4
Ltd.
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Nomenclature

C concentration [#/nm3]
Cmax maximum lithium concentration [#/nm3]
D diffusion coefficient [nm2/s]
e unit charge per atom [C/#]
E Young’s modulus [GPa]
i surface current density [C/(nm2 s)]
I total ion current [C/s]
J mass flux of lithium ion [#/(nm2 s)]
Jb surface mass flux of lithium ion [#/(nm2 s)]

lx
0

initial length in x direction [nm]

ly
0

initial length in y direction [nm]

lz
0

initial length in z direction [nm]
lx current length in x direction [nm]
ly current length in y direction [nm]
lz current length in z direction [nm]
L length of Si NW [nm]
nLiþ number of lithium ions inserted [#]
r radial position [nm]
R radius of Si NW [nm]
T temperature [1C]
u radial displacement [nm]
VSi volume of Si [nm3]

Vfinal final volume [nm3]
Vinitial initial volume [nm3]
Vcurrent current volume [nm3]

Greek

a extent of lithiation [%]
aT thermal expansion coefficient [/1C]
b stress-diffusion coupling parameter [nm3]
er radial strain [ � ]
ey tangential strain [ � ]
ez axial strain [ � ]
et transformation strain [ � ]
eth thermal strain [ � ]
elinear linear strain [ � ]
lm mth zero of 1st order Bessel function of the

first kind [ � ]
v Poisson’s ratio [ � ]
r density [g/nm3]
sr radial stress [GPa]
sy tangential stress [GPa]
sz axial stress [GPa]
sh hydrostatic stress [GPa]
O partial molar volume of lithium [nm3/#]
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particles and included the effect of pressure gradients on the flux of Li. Verbrugge and Cheng (2008) and Deshpande et al.
(2010) derived analytical expressions for the stress evolution during Li diffusion for both the sphere and cylinder geometry
and used the tensile stress and strain energy as fracture criteria. Moreover, they Cheng and Verbrugge (2008) suggested
that surface tension and modulus could play an important role at the nanometer length scale. Haftbaradaran et al. (2011)
have considered various fundamental features of highly nonlinear behavior associated with diffusion at high solute
concentrations and compared it with atomistic simulation.

A number of authors have used fracture mechanics to model failure associated with electrochemical shock. Aifantis
et al. (2007) have used Griffith’s criterion to estimate critical crack size at which cracking will stop. To avoid the
assumption of pre-existing cracks, Bhandakkar and Gao (2010) developed a clever cohesive zone model for the nucleation
of cracks in a thin strip subjected to diffusion-induced stresses and predicted the critical size below which fracture would
be avoided. Woodford et al. (2010) have employed the stress intensity factor to study the growth of a pre-existing
dominant flaw in a single-particle electrode. Hu et al. (2010) and Zhao et al. (2010) have also utilized the strain energy
release rate as a fracture criterion for electrode particles.

In the present study, we explore two types of models in an effort to obtain insight into the fracture of silicon nanowires
subjected to lithiation/delithiation. These modeling results are then directly compared with experiments and they reach a
good agreement on the size effect on fracture.

As a first approximation and to illustrate the methodology of our approach, we begin by assuming that discrete phase
transformations can occur during the charging/discharging processes, as if a LixSi compound exists as an equilibrium
phase. Due to the misfit strain between different phases, stresses are generated in order to satisfy mechanical
compatibility. However, the stresses using the discrete phase model are much too high for silicon nanowires (Si NWs)
to support, and are physically unrealistic, even for the smallest NWs (Beaulieu et al., 2001). Moreover, it has been reported
that crystalline silicon quickly transforms to an amorphous phase, when lithium ions diffuse into Si NWs (Limthongkul
et al., 2003; Chan et al., 2009). Due to the rapid phase transformation, LixSi compounds might not exist as equilibrium
phases. When the amorphous phase is formed, diffusion might come into play in the stress evolution. If the lithium ion
concentration changes gradually in space, the reason for stress evolution is not the amount of inserted lithium, but rather
the lithium concentration gradient. By coupling the stresses to the composition gradients, the stress evolution during
lithium ion diffusion may be calculated.

Following the work of many others, we make the analogy between heat transfer and diffusion of matter in order to deal
with diffusion-driven deformation (Prussin, 1961; Christensen and Newman, 2006a; Verbrugge and Cheng, 2008; Cheng
and Verbrugge, 2008; Deshpande et al., 2010; Bhandakkar and Gao, 2010). However, because the volume expansion is
huge, the relationship between the fictitious thermal expansion coefficient and partial molar volume needs to be adjusted
to be consistent with large deformation. Moreover, the huge volume expansion and associated pressure can affect the
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chemical potential, thus affecting the driving force for diffusion. As we will see, this effect can be taken into account by
modifying the diffusivity to be a function of the lithium concentration.

Our fracture predictions are made as follows. After computing the stresses associated with a given concentration
gradient, we compute the strain energy release rate, using the J-integral method, for sharp cracks of all possible lengths.
The J-integral calculation is described in detail in Appendix B. By comparing the maximum possible strain energy release
rate with the fracture toughness of Si, we determine whether a NW of that particular size would fail. In this way we
estimate the critical size of the Si NWs below which fracture would not occur.

We also performed experiments to determine the critical NW diameter for fracture during the lithiation process.
We developed a unique transmission electron microscope (TEM) technique that allows us to observe a single NW before
and after the lithiation process. This characterization tool on a single NW scale directly determines a critical diameter for
fracture and also serves as a standard to judge the validity of our modeling.

2. Analytical model

2.1. Stresses associated with transformation strains in a cylinder

We begin by writing general relations for the stresses and displacements associated transformation strains in a
cylinder. The constitutive law in the cylindrical coordinate system can be expressed by (Zhang et al., 2007)

er�etðrÞ ¼
1

E
sr�nðsyþszÞ½ � ð1aÞ

ey�etðrÞ ¼
1

E
sy�nðsrþszÞ½ � ð1bÞ

ez�etðrÞ ¼
1

E
sz�nðsrþsyÞ½ � ð1cÞ

where et(r) is transformation strain at a particular point, which is related to the partial molar volume (O) and
concentration, C(r), of lithium ions at that point by

etðrÞ ¼
OCðrÞ

3
ð2Þ

The equilibrium condition and kinematic relations in the cylindrical coordinate system can be expressed by

dsr

dr
þ
sr�sy

r
¼ 0, er ¼

du

dr
, ey ¼

du

r
ð3a;b; cÞ

where u is the displacement in the radial direction.
From these relations, u and sz can be computed for plane strain conditions as

uðrÞ ¼
1þn
1�n

� �
ð1�2nÞ r

R2

Z R

0
etðrÞrdrþ

1

r

Z R

0
etðrÞrdr

� �
ð4Þ

szðrÞ ¼
E

1�n
2n
R2

Z R

0
etðrÞrdr�etðrÞ

� �
ð5Þ

For generalized plane strain conditions, for which the resultant force along the NW is zero, the stresses and
displacements in the radial direction are modified as (Timoshenko and Goodier, 1970)

szðrÞ ¼
E

1�n
2

R2

Z R

0
etðrÞrdr�etðrÞ

� �
ð6Þ

uðrÞ ¼
1�3n
1�n

� �
r

R2

Z R

0
etðrÞrdrþ

1þn
1�n

� �
1

r

Z r

0
etðrÞrdr ð7Þ

2.2. Discrete phase model

We first consider a discrete phase model wherein a LixSi compound is assumed to exist as an equilibrium phase during
lithiation/delithiation; this may be modeled using the misfit strain analysis shown in the Fig. 1A. In this model, we follow
the same method as the one-dimensional decrepitation model for the bi-layer plate by Huggins and Nix (2000). If the
swelling shell were detached from the core, it would expand freely without generating any stresses [Fig. 1B]. Forcing the
core-shell structure to remain mechanically compatible during swelling produces residual stresses in both the core and the
shell. The shell will be in compression and the core will be in tension [Fig. 1C]. Due to the residual stresses, a mode I crack
might grow in the core (Anderson, 2005) during the lithiation process.
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Fig. 1. Model description of discrete phase model (A,B,C) and continuous phase model (D,E,F). (A) Schematic of lithium insertion. (B) Free expansion in

the outer shell without the constraint from the core. (C) For mechanically compatible deformation, tension in the core and compression in the shell

remain as a residual stress. (D) Schematic of lithium insertion. (E,F) Continuous volume expansion.

I. Ryu et al. / J. Mech. Phys. Solids 59 (2011) 1717–17301720
Assuming that discrete phases are generated during the lithiation process, the transformed strain is imposed only in the
lithiated region, like the misfit strain analysis. Then, the concentration can be expressed with the following equation:

CðrÞ ¼
0 ð0oro ð1�aÞRÞ
Cmax ðð1�aÞRoroRÞÞ

¼ Cmax/r�ð1�aÞRS0

"
ð8Þ

where Cmax and a are the stoichiometric maximum concentration and extent of lithiation, respectively, and / �S0 is the
Heaviside step function. Combining the concentration (Eq. (8)) with the stress solution (Eq. (6)), the diffusion-induced
axial stress is expressed by

sz ¼
EOCmax

3ð1�nÞ
2a�a2ð0oro ð1�aÞRÞ
2a�a2�1ðð1�aÞRoroRÞ

"
ð9Þ

which is shown graphically in the Fig. 2. From this model we can see that the maximum stress resulting from the 400%
volume expansion, would be comparable to Young’s modulus, which is so high that all Si NWs would fracture, regardless of
their diameters. Since NWs of small diameter do not fracture, we conclude that the discrete phase model is completely
unrealistic.
2.3. Continuous phase model

If an amorphous phase is generated in the early stages of lithiation, discrete Li-rich phases may not exist. In this sense,
we can imagine the existence of a continuous amorphous phase with a continuous concentration distribution, as shown in
Fig. 1D–F. As lithium ions flow into the Si NW, the concentration distribution would be continuous, so the transformation



Fig. 2. Normalized diffusion induced stress in z direction with respect to the degree of lithiation.
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strain would also vary continuously with position. Like the discrete phase model, the central core of the NW would still be
in tension during lithiation and a mode I crack could still grow during lithiation.

To deal with the diffusive flow of lithium, the governing diffusion equation and boundary conditions are expressed by
(Deshpande et al., 2010)

@C

@t
¼Dr2C ¼D

@2C

@2r
þ

1

r

@C

@r

" #
ð10aÞ

at r¼ 0 �D
@C

@r

����
r ¼ 0

¼ 0 ðDue to the symmetryÞ ð10bÞ

at r¼ R �D
@C

@r

����
r ¼ r
¼�Jb ðConstant influxÞ ð10cÞ

where D is the diffusion coefficient of lithium ions. The analytical solution for this problem is expressed by (Crank, 1980)

Cðr,tÞ ¼
Jb

2DR
r2þ

2Jb

R
t�

RJb

4D
�

2RJb

D

X1
m ¼ 1

e�Dl2
mt=R2

l2
m

J0ðlmðr=RÞÞ

J0ðlmÞ
ð11Þ

where lm is the mth zero of the 1st order Bessel function of the first kind.
Combining the stress solution for the case of generalized plane strain (Eq. (6)) with the concentration solution

(Eq. (11)), the stress along the axis of the NW can be computed as

sz ¼
JbEOR

12Dð1�nÞ
�

JbEO
6DRð1�nÞ

r2þ
2JbEOR

3Dð1�nÞ
X1

m ¼ 1

e�Dl2
mt=R2

lm
2

J0ðlmðr=RÞÞ

J0ðlmÞ
ð12Þ

Moreover, the displacement in the radial direction is

u¼
1�3n
1�n

� �
Or

3R2

Z R

0
CUrdrþ

1þn
1�n

� �
O
3r

Z r

0
CUrdr ð13Þ

Finally, we can compute the radial expansion of the NW as follows:

uðRÞ ¼
2OJb

3
t ð14Þ

This can be used to define the external boundary of the problem.
Results for the continuous model are plotted in Fig. 3. From the concentration profiles, we can see that a steady state

concentration profile develops after some time (t41000 s). The stresses associated with these concentration profiles also
approach a steady state. These steady states arise because in the present modeling the concentration can rise without limit
and is not bounded by the finite solubility of Li in Si. This gives an upper bound on the stresses that can develop during
lithiation.

From these analytical models, we have seen that the discrete model cannot be used at all because the stress is much too
high under the huge volume expansions that occur. With the continuous phase model, a realistic stress evolution profile
can be described. However, there are still several limitations in the analytical model. First of all, amorphization during the
lithiation process would lead to changes in material properties as the amorphous phase replaces crystalline Si and the LixSi



Fig. 3. Diffusion induced stress and concentration in the continuous phase model. (A) Concentration. (B) Stress in z direction.
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compounds. Moreover, the maximum stress is not a good measure for fracture resistance, because fracture is expected to
be very flaw sensitive. Therefore, it is not possible to judge the tendency for fracture based only on stress. In addition,
because the volume expansion is so huge, it is necessary to take a large deformation formulation into account, if we are to
utilize the analogy between the thermal expansion and diffusion-induced volume expansion. Finally, the effects of
pressure gradients on the flux of Liþ need to be taken into account, because they can play an important role in relaxing the
stress.
3. Numerical model

3.1. Discrete phase model

To calculate the stress field and fracture behavior, a commercial finite element package ABAQUS (2010) (SIMULIA,
Providence, RI, USA) is used. As a first approximation, we start with the discrete phase model in which the misfit strain is
the driving force for crack growth. In this model, the different material properties of amorphous Si and crystalline Si are
used, as shown in Table 1. For intermediate phases, the material properties are calculated using linear interpolation.

In the discrete phase model, the volumetric strain is applied only to the lithiated region, in which the concentration is
assumed to be the maximum stoichiometric value.

To evaluate the fracture resistance, we assume that cracks of any size may exist in the wires. We seek the conditions
under which none of the assumed pre-existing cracks would grow unstably. When a crack extends under residual stress
loading, the strain energy decreases; this is called the strain energy release rate, a measure of the driving force for fracture
(Hu et al., 2010; Zhao et al., 2010). To calculate the largest possible strain energy release rate for a NW of a given size, we
imagine a pre-existing crack with a length almost equal to the diameter of the core. For different degrees of lithiation, with
different core diameters, the strain energy release rate is calculated using a contour integral; the results are plotted in
Fig. 4. As lithiation initially progresses by the growth of a thin lithiated shell on the surface of the NW, there is only a small
driving force for the relatively large crack to grow. At the other end of the scale, when the Si NW is almost fully lithiated,
the length of the crack in the core tends to zero so that the strain energy release rate is also quite small. For these reasons,
the strain energy release rate is zero at both ends of the plot, and the maximum strain energy release rate occurs
somewhere between the initial state and fully lithiated state, as shown in Fig. 4. Using the fracture toughness of crystalline
Si (2 J/m2) as a criterion for the resistance to fracture (Bhandakkar and Gao, 2010), we find that the discrete phase model
makes unrealistic predictions. The strain energy release rates are so high that Si NWs of any size would not support the
loading during lithiation based on the misfit stress analysis. Therefore, we expect that lithiation of NWs does not occur by
the growth of discrete phases.
3.2. Continuous phase model

As noted above, if an amorphous phase is generated in the early stages of lithiation, discrete Li-rich phases would not
exist and a continuous concentration distribution would develop. Again we use the material properties shown in Table 1,
and now take the diffusion coefficient of lithium ions in amorphous Si to be 2�10�18 m2/s for the numerical calculations
(Bhandakkar and Gao, 2010; Laforge et al., 2008). For comparison with experiments, we use C/10 as a charging rate.
Because Si is assumed to have theoretical charging capacity of 4200 mAh/g, the charging rate for 10 h is 420 mA/g. The



Fig. 4. Maximum strain energy release rate with respect to degree of lithiation in the discrete phase model. Schematic illustrating why strain energy

release rate is small at both ends of the scales.

Table 1
Material properties and operating parameters.

Material Parameter Symbol [dimension] Value Reference

Crystalline Si Young’s modulus E [GPa] 185 Wortman and Evans (1965)

Yield point sy [GPa] 7 Kovacs (1998)

Poisson’s ratio v 0.228 Wortman and Evans (1965)

Amorphous Si Young’s modulus E [GPa] 80 Bhandakkar and Gao (2010)

Yield point sy [GPa] 1 Sethuraman et al. (2010)

Poisson’s ratio v 0.22 Freund and Suresh (2003)

Lithium in Si Max. concentration Cmax [#/nm3] 53.398 Boukamp et al. (1981)

Diffusion coefficient D [nm2/s] 2 Laforge et al. (2008)

Partial molar vol. O [nm3/#] 0.01418 Boukamp et al. (1981)
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total ion current (I) for the Si NW can be estimated by

I¼ 420
mA

g

� �
r g

m3

h i
LpR2 m3

� �
¼ 0:42rLpR2 C

s

� �
ð15Þ

where r is the density of Si, and L and R are the length and radius of the Si NW, respectively. The surface current density (i)
is calculated as the total ion current (I) divided by surface area as follows:

i¼
I

L2pR

C=s

m2

� �
¼ 0:21rR

C

m2 s

� �
ð16Þ

The surface mass flux (Jb) of Liþ according to the charging rate is estimated by

Jb ¼
i

e

C=m2 s

C=#

� �
¼ 0:13125� 1019rR

#

m2 s

� �
ð17Þ

where e is the unit charge per atom.
As with the discrete phase model, pre-existing cracks of different sizes are assumed to exist and the strain energy

release rate is calculated using a contour integral with respect to the diffusive volume expansion. The results of the
continuous phase model are plotted in Fig. 5, where the stresses are seen to be several orders or magnitude smaller than
for the discrete phase model.
3.3. Analogy for large deformation

Since Si NWs show huge volume expansion during lithiation, the relation between the partial molar volume and
fictitious thermal expansion coefficient needs to be modified. The partial molar volume is defined by the volume change



Fig. 5. Strain energy release rate in the continuous phase model. (A) Strain energy release rate with different sizes of pre-defined cracks with respect to

time. (B) Maximum strain energy release rate with respect to different sizes of cracks.
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with respect to insertion of a lithium ion, and it can be expressed by

O�
@V

@nLiþ
ffi

DV

DnLiþ

����
in Li22Si5

¼
DV=Vfinal

DnLiþ =Vfinal
ð18Þ

where nLiþ is number of lithium ions inserted and DV is volume change due to the insertion of lithium. Here Vfinal is the
volume for the fully lithiated state (Li22Si5). Using the data from Boukamp et al. (1981), the partial molar volume is
calculated as follows:

O¼
3:12

ð22� 16=6:592Þ � 4:12
¼ 14:18� 10�3 nm3

# of Li

� �
ð19Þ

This value is similar to experimental results (Obrovac et al., 2007), in which the partial molar volume could be assumed
a constant during the lithiation. Moreover, the maximum stoichiometric concentration can be computed as follows:

Cmax ¼
DnLiþ

Vfinal
¼

16� 22

6:5920
C53:398

#

nm3

� �
ð20Þ

where Vfinal is the volume of the fully lithiated phase (Li22Si5). To take advantage of the analogy of thermal expansion and
diffusive volume expansion, it has been common practice to use small strain approximations and relate the partial molar
volume to the thermal expansion coefficient using the following relation:

aT ¼
O
3

ð21Þ

The relation between O and Cmax at small strains can then be expressed by

O¼
DV

DnLiþ
¼

DV=Vfinal

DnLiþ =Vfinal
¼

3� elinear

Cmax
ð22Þ

The linear strain is about 0.603 for 412% volume expansion. From this linear strain, the partial molar volume is
calculated to be

O¼
3� 0:603

53:398
¼ 33:87� 10�3 nm3

#

� �
ð23Þ

However, the partial molar volume based on the maximum concentration is quite different from the one based on the
lattice parameter measurements. We conclude that the above relation based on small deformation may not be used for
systems that exhibit such huge volume expansion.

To derive the relation between O and Cmax for large deformation, we started from the definition of the concentration as
follows:

C ¼
nLiþ

Vcurrent
¼

nLiþ

VSiþOnLiþ
ð24Þ

where O is assumed to be constant.
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The transformation dilatation (eT) is expressed by

eT ¼
V�VSi

VSi
¼

OnLiþ

VSi
¼

OC

1�OC
ð25Þ

Now, using the thermal stress analogy, we can obtain

aT ¼
1

3

1

V

@V

@T
¼

1

3

O
ð1�TOÞ

ð26Þ

To determine if this relation holds for small changes in temperature, we take the limit

lim
T-0

aT ðTÞ ¼
O
3

ð27Þ

This shows that the relation converges to the result for small deformation. From the finite element calculation, the
volume expansion with this thermal expansion coefficient is 412%, which is exactly the same as the reference value.

3.4. Effect of pressure gradient on the flux

In the previous analysis, the flux of lithium ions is expressed by

J¼�DrC ð28Þ

where D is the diffusivity of lithium ions in Si and rC is the concentration gradient. However, the flux can be affected by
the pressure gradient because the pressure and volume expansion generate a change in the chemical potential gradient.
Therefore, the diffusive flux equation needs to be modified to take this effect into account. Adopting the analysis of Zhang
et al. (2007) for spherical particles, we re-derive the relation for the cylinder geometry, which is described in Appendix A in
detail. As a result, the pressure gradient effect can be dealt with by allowing the diffusivity to be a function of
concentration as follows:

D¼DðCÞ ¼D0ð1þbCÞ ð29Þ

where D0 is constant and b can be expressed by 2O2E/9RT(1�v). We can see the diffusion coefficient increases as the
concentration increases. Because a high diffusion coefficient results in a more uniform concentration, the stress is more
quickly relaxed when the pressure effects are taken into account.

Based on the modified diffusion coefficient, different crack sizes are pre-defined, and the strain energy release rate is
calculated using a contour integral with respect to the diffusive volume expansion, as shown in Fig. 6.

3.5. Critical size for fracture of Si NWs subjected to lithiation/delithiation

Considering all of the above modifications, we now estimate the critical size of Si NWs below, which fracture would not
occur. To calculate the critical size, we consider Si NWs of different sizes, and we also change the sizes of the assumed pre-
existing cracks to calculate the maximum strain energy release rate, which are plotted in Fig. 7A,B. Through the previous
calculation for lithiation [Fig. 6], we found that the maximum strain energy release rate occurs when the radius of the
circular crack is about 40% of the radius of the NW. Because it should be independent of NW diameter, we use this size
Fig. 6. Strain energy release rate of continuous phase model considering the large deformation formulation and modified diffusivity. (A) Strain energy

release rate with different sizes of pre-defined cracks with respect to time. (B) Maximum strain energy release rate with respect to sizes of cracks.



Fig. 7. Strain energy release rate of continuous phase model considering the large deformation formulation and modified diffusivity in different sizes of

Si NWs during lithiation(A,B)/delithiation(C,D). (A,C) Strain energy release rates with different Si NW radii with respect to time. (B,D) Maximum strain

energy release rate with respect to Si NW radius.
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(40%) for the lithiation results in Fig. 7A,B. In the case of delithiation [Fig. 7C,D], we take the depth of the annular crack to
be 20% of the NW radius. Because we use the concentration dependent diffusivity and since the flux boundary condition
depends on the size of Si NWs, the strain energy release rate might not be a linear or quadratic relation with respect to the
size of Si NWs. Indeed, the simulation results demonstrate that the relationship is highly nonlinear. For lithiation, the
critical diameter is estimated as 300–400 nm.

For delithiation, the simulation starts with the fully lithiated state in which the lithium ion concentration throughout
the nanowire is the stoichiometric maximum concentration. The initial geometry of the fully lithiated state is 400%
expanded in volume compared to the initial geometry for lithiation. Since the discharging rate is the same as the charging
rate, the flux boundary condition is simply adjusted from in-flux to out-flux with the same magnitude. After the surface
concentration reached zero, we changed the boundary condition from constant flux to zero concentration at the surface. As
with the case of lithiation, the strain energy release rate is calculated for different sizes of Si NWs in order to estimate the
critical size. The results are plotted in Fig. 7C,D. Based on the result, we can see that strain energy release rate increases
very quickly, also. For delithiation, the critical crack size is larger than that for lithiation.
4. Experiments

For the experimental study, Si NWs were grown by a VLS process as reported previously (Choi et al., 2010). Si NWs were
then dispersed in methanol by sonication. Several drops of the Si NW solution were dropped onto a TEM grid, which had a
20 nm titanium layer deposited on the original TEM carbon layer to ensure good electrical contacts between Si NWs and
the TEM grid. The prepared TEM grids went through battery cycling using pouch cells [Fig. 8A]. Detailed experimental



Fig. 8. Mechanical stability testing of a single Si NW during lithiation with ex-situ TEM observation. (A) Schematic illustration of battery cells where Si

NWs are loaded on TEM grids. Dimensions of identical Si NWs can be traced during the lithiation processes. (B) TEM images before (left) and after (right)

the lithiation process to 10 mV vs. Li/Liþ . These images clearly indicate that large Si NWs disappear due to pulverization during the lithiation process

whereas small Si NWs remain in the same position. (C) TEM images of various diameter Si NWs before and after the lithiation processes down to 10 mV.

(D) A statistical plot showing critical diameters (220–260 nm) at which Si NWs start pulverizing. Green line shows the model prediction. (For

interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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procedures for Si NW growth and battery cycling for ex-situ TEM observation are described in Appendix C. Fig. 8B is a
typical example of NWs imaged before and after the full lithiation (10 mV vs. Li/Liþ). Hereafter, all potentials described are
with regard to the Li redox potential (Li/Liþ). In Fig. 8B, thick NWs (�500 nm in diameter) located in the middle
disappeared after the lithiation, whereas thin NWs (o200 nm in diameter) that were located next to the thick ones
remained at the same spot. For thick NWs, in most cases NWs disappear after the lithiation. This must be because thick
NWs pulverize during the lithiation and are then washed away during the sample washing step with acetonitrile before
TEM imaging. Some debris particles are often observed at the spot where thick NWs were originally located. We tested a
number of NWs with different diameters for the same lithiation process [Fig. 8C]. From this process we acquired statistics
on the critical diameter for NW pulverization [Fig. 8D]. We took �20 data points in the diameter range of 150–550 nm and
from the statistics we conclude that the critical diameter for pulverization is in the regime of 220–260 nm (peach color in
Fig. 8D). For this electrochemical process we used a linear scan voltammetry (LSV) technique that scans voltage from open
circuit voltage (2.3–2.7 V) to the terminal voltage (10 mV) at a rate of 0.2 mV/s. We also expect that lithiation conditions
such as the lithiation rate would change the critical diameter regime because the strain built up along the NW radius
depends on the lithiation rate.
5. Discussion

From the results of the misfit strain approach, we can see that the stress evolution associated with discrete phase
formation would be too high and unphysical. By comparison, realistic stresses are predicted using the continuous phase



I. Ryu et al. / J. Mech. Phys. Solids 59 (2011) 1717–17301728
model. Thus, the main driving force for stress generation during lithiation and delithiation appears to be the volumetric
strain gradient due to lithium ion diffusion, not the magnitude of the volumetric strain.

Including the effect of the pressure gradient on the diffusional flux of Li greatly increases the rate of diffusion. This also
leads to much smaller concentration gradients and smaller stresses compared to the case of diffusion driven by
concentration gradients alone. This effect is equivalent to increasing the diffusivity by a factor of around 150.

During lithiation, the strain energy release rate always reaches a maximum in the early stages, after which it decreases
[Fig. 7A]. However, the strain energy release rate for delithiation has a local maximum corresponding to early stages and
an absolute maximum corresponding to the end of delithiation [Fig. 7C]. These different behaviors can be explained mainly
by considering the effect of the pressure gradient. To take the pressure gradient into account we modified the diffusivity to
be a linear function of concentration. This causes the behaviors during lithiation (where the lithium content is rising) and
delithiation (where the lithium content is declining) to be different. Because a higher lithium concentration and diffusivity
lead to faster diffusive flow, the driving force for crack extension during lithiation declines after reaching an early
maximum, whereas for delithiation the crack driving force rises after an early maximum. This is why the strain energy
release rate is larger during lithiation than during delithiation [Fig. 7A,C].

Because the stresses that develop in the continuous phase model are relatively small, the yield stress in the NW is never
exceeded. Even when cracks are assumed to be present, the local stresses remain below the yield stress except near the crack tips.
So global yielding effects appear to play an insignificant role in the failure of Si NWs subjected to lithiation/delithiation.

When small deformations are assumed, the maximum strain energy release rates scale linearly with the NW diameter,
thus allowing failure of NWs to be described in a non-dimensional way. Since the diffusion coefficient depends linearly on
the concentration due to the pressure gradient effect, we may expect that strain energy release rate could be scaled
quadratically with the NW diameter. But this kind of non-dimensionalization cannot be used when large deformation and
pressure gradient effects are taken into account because the maximum strain energy release rate then depends on the size
of the NW in a highly nonlinear way.

Comparing the experimental result, we can see good agreement in the estimation of the critical size of Si NWs for the
fracture. There are several reasons why the critical sizes from simulation and experiment are not identical. First of all, it is
difficult to replicate the experimental conditions exactly, because the boundary conditions for the experiment are not well
known due to the small size of the Si NWs. Secondly, the roughness of the surface, which could make nucleation of cracks
easier, was not taken into account in the modeling. Moreover, the material properties for Si during delithiation might be
different from those during lithiation. This could explain the observation that Si NWs rarely return to their original shape
after battery cycles. Therefore, the critical size for delithiation might be smaller than that for lithiation.

6. Conclusions

By analyzing the stresses associated with lithiation/delithiation of Si NWs and using a fracture mechanics approach to
predict fracture, we conclude that NWs with diameters less than about 300 nm would not fail in the lithiation/delithiation
process even if pre-existing cracks were present. These predictions are in agreement with in-situ TEM experiments, which
show that NWs smaller than a critical diameter, survive this process. By accounting for the large deformation associated
with lithiation/delithiation and by including the effects of pressure gradients on the diffusion of Li, we find that Li diffuses
rapidly into the NWs, so that only small stresses are created in the process. This helps to explain why the smallest NWs can
survive the lithiation/delithiation process even though huge volume changes occur.
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Appendix A. Pressure gradient effect on the flux in a cylinder

Using the continuity equation and flux expression, the diffusion equation can be expressed by
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From the analytical solution for the stress associated with the transformation strains (Timoshenko and Goodier, 1970),
the hydrostatic stress can be expressed by
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Now, the gradient of hydrostatic stress may be expressed as
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Substituting this expression into the diffusion equation, Eq. (A.1), we get
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If we take diffusivity to be a function of concentration

D¼DðcÞ ¼ ~Dð1þbcÞ ðA:5Þ

where ~D and a are assumed to be constant.
Then, using the flux equation and continuity equation, the diffusion equation becomes
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which shows that the diffusion equation now involves a concentration dependent diffusivity. Comparing this with the
previous expression, we can get an expression for b:

b¼
2O2E
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Interestingly, this relation is same as that for the spherical particle (Zhang et al., 2007).
For Si NWs
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Appendix B. Evaluation of strain energy release rate

In this study, we calculate the contour integral (J-integral) numerically using ABAQUS as a fracture measure. To
evaluate these integrals numerically, we intentionally make a rings elements surrounding the crack tip. Based on the stress
field near the crack tip, ABAQUS numerically evaluated the J-integral along pre-defined paths near the crack tip. Since the
J-integral is path independent, we chose five different paths near the crack tip and confirmed that these values along
different paths were converged well. For accuracy, meshes near the crack tip were very dense, with the smallest element
around the tip being 10�3 times the crack length.

Appendix C. Additional explanation about the experiment

Si NW growth: For the Si NW growth, stainless steel substrates (McMaster-Carr, foil 304) with 50 nm gold layers
deposited on top were situated inside a quartz tube (1 in. diameter) in a tube furnace. First, the substrates underwent a
pre-growth step at 485 1C for 30 min to break the gold film into nanoparticles. In the subsequent growth step, 2% silane
(SiH4) gas in argon was flown through the tube at 485 1C for about 30 min at a rate of 50 sccm and constant pressure of
40 Torr.

Battery cycling for Si NWs on TEM grids: For the ex-situ TEM process, TEM grids with reference marks (Ted Pella) were
used. Titanium layers (�20 nm) were deposited by e-beam evaporation onto original carbon films on the grids to ensure
good electrical contacts with Si NWs. VLS grown Si NWs were dissolved in methanol by sonication and several drops of Si
NW solution were dropped onto the TEM grids to form TEM grid-based anodes. For battery cycling, pouch cells were made.
TEM grid-based anodes were located on copper current collectors and then separators (Asahi Kasei) soaked with
electrolyte (1 M LiPF6 in ethylene carbonate/diethyl carbonate (EC/DEC, 1:1 v/v, Ferro Corporation)) and Li foils (Alfa Aesar)
were placed on top sequentially (Fig. 8A). After cycling, TEM grid-based anodes were rinsed with acetonitrile thoroughly
and then delivered to TEM in sealed vials. TEM grids were loaded into the TEM chamber within 15 s to minimize the period
in which the grids were exposed to air.
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